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ABSTRACT. It is shown that a constant magnetic field in 3+1 and 2+1 di-
mensions is a strong catalyst of dynamical chiral symmetry breaking, leading to
the generation of a fermion dynamical mass even at the weakest attractive inter-
action between fermions. The essence of this effect is the dimensional reduction
D → D − 2 in the dynamics of fermion pairing in a magnetic field. The effect
is illustrated in the Nambu–Jona–Lasinio (NJL) model and QED. In the NJL
model in a magnetic field, the low–energy effective action and the spectrum of
long wavelength collective excitations are derived. In QED (in ladder and im-
proved ladder approximations) the dynamical mass of fermions (energy gap in
the fermion spectrum) is determined. Possible applications of this effect and its
extension to inhomogeneous field configurations are discussed.
1
1. INTRODUCTION
At present there are only a few firmly established non-perturbative phenomena
in 2+1 and, especially, (3 + 1)–dimensional field theories. In this paper, we will
establish and describe one more such phenomenon: dynamical chiral symmetry
breaking by a magnetic field.
The problem of fermions in a constant magnetic field had been considered by
Schwinger long ago [1]. In that classical work, while the interaction with the
external magnetic field was considered in all orders in the coupling constant,
quantum dynamics was treated perturbatively. There is no spontaneous chiral
symmetry breaking in this approximation. In this paper we will reconsider this
problem, treating quantum dynamics non-perturbatively. We will show that in
3+1 and 2+1 dimensions, a constant magnetic field is a strong catalyst of dy-
namical chiral symmetry breaking, leading to generating a fermion mass even at
the weakest attractive interaction between fermions. We stress that this effect is
universal, i.e. model independent.
The essence of this effect is the dimensional reduction D → D−2 in the dynamics
of fermion pairing in a magnetic field: while at D = 2 + 1 the reduction is
2 + 1 → 0 + 1, at D = 3 + 1 it is 3 + 1 → 1 + 1. The physical reason of this
reduction is the fact that the motion of charged particles is restricted in directions
perpendicular to the magnetic field.
Since the case of 2+1 dimensions has been already considered in detail in Ref. [2],
the emphasis in this paper will be on (3+1)–dimensional field theories. However,
it will be instructive to compare the dynamics in 2+1 and 3+1 dimensions.
As concrete models for the quantum dynamics, we consider the Nambu-Jona-
Lasinio (NJL) model [3] and QED. We will show that the dynamics of the lowest
Landau level (LLL) plays the crucial role in catalyzing spontaneous chiral sym-
metry breaking. Actually, we will see that the LLL plays here the role similar to
that of the Fermi surface in the BCS theory of superconductivity [4].
As we shall show in this paper, the dimensional reduction D → D−2 is reflected
in the structure of the equation describing the Nambu–Goldstone (NG) modes
in a magnetic field. In Euclidean space, for weakly interacting fermions, it has
the form of a two-dimensional (one–dimensional) Schro¨dinger equation at D =
3 + 1 (D = 2 + 1):
(−∆+m2dyn + V (r))Ψ(r) = 0 . (1)
Here Ψ(r) is expressed through the Bethe–Salpeter (BS) function of NG bosons,
∆ =
∂2
∂x23
+
∂2
∂x24
2
(the magnetic field is in the +x3 direction, x4 = it) for D = 3 + 1, and ∆ =
∂2
∂x23
,
x3 = it, for D = 2+ 1. The attractive potential V (r) is model dependent. In the
NJL model (both at D = 2 + 1 and D = 3 + 1), V (r) is a δ–like potential. In
(3 + 1)–dimensional ladder QED, the potential V (r) is
V (r) =
α
πℓ2
exp
(
r2
2ℓ2
)
Ei
(
− r
2
2ℓ2
)
, r2 = x23 + x
2
4 , (2)
where Ei(x) = − ∫∞−x dt exp(−t)/t is the integral exponential function [5], α = e24π
is the renormalized coupling constant and ℓ ≡ |eB|−1/2 is the magnetic length.
Since −m2dyn plays the role of energy E in this equation and V (r) is an attractive
potential, the problem is reduced to finding the spectrum of bound states (with
E = −m2dyn < 0) of the Schro¨dinger equation with such a potential. More
precisely, since only the largest possible value of m2dyn defines the stable vacuum
[6], we need to find the lowest eigenvalue of E. For this purpose, we can use results
proved in the literature for the one–dimensional (d = 1) and two–dimensional
(d = 2) Schro¨dinger equation [7]. These results ensure that there is at least one
bound state for an attractive potential for d = 1 and d = 2. The energy of the
lowest level E has the form:
E(λ) = −m2dyn(λ) = −|eB|f(λ) , (3)
where λ is a coupling constant (λ is λ = G in the NJL model and λ = α in
QED). While for d = 1, f(λ) is an analytic function of λ at λ = 0, for d = 2, it
is non–analytic at λ = 0. Actually we find that, as G→ 0,
m2dyn = |eB|
N2cG
2|eB|
4π2
, (4)
where Nc is the number of fermion colors, in (2 + 1)–dimensional NJL model [2],
and
m2dyn =
|eB|
π
exp
(
−4π
2(1− g)
|eB|NcG
)
, (5)
where g ≡ NcGΛ2/(4π2), in (3+1)-dimensional NJL model. In (3+1)-dimensional
ladder QED, mdyn is
mdyn = C
√
|eB| exp
[
−π
2
(
π
2α
)1/2]
, (6)
where the constant C is of order one and α is the renormalized coupling constant.
As we will show below, this expression for mdyn in QED is gauge invariant.
It is important that, as we shall show below, an infrared dynamics, with a weak
QED coupling, is responsible for spontaneous symmetry breaking in QED in a
3
magnetic field. This suggests that the ladder approximation can be reliable in
this problem. However, because of the (1 + 1)–dimensional form of the fermion
propagator in the infrared region, there may be also relevant higher order con-
tributions. As we shall show in this paper, there are indeed relevant one–loop
contributions in the photon propagator. Taking into account these contributions
(that corresponds to the so called improved ladder approximation), we get the
expression for mdyn of the form (6) with α → α/2. We shall discuss the physics
underlying this effect and the general status of the validity of the expansion in α
in the infrared region in QED in a magnetic field in Sec. 9.
As we will discuss in this paper, there may exist interesting applications of the
phenomenon of chiral symmetry breaking by a magnetic field: in planar condensed
matter systems, in cosmology, in the interpretation of the heavy-ion scattering
experiments, and for understanding of the structure of the QCD vacuum. We will
also discuss an extension of these results to inhomogeneous field configurations.
The paper is organized as follows. In Section 2 we consider the problem of a
free relativistic fermion in a magnetic field in 3+1 and 2+1 dimensions. We
show that the roots of the fact that a magnetic field is a strong catalyst of
dynamical chiral symmetry breaking are actually in this problem. In Section 3
we show that the dimensional reduction 3 + 1 → 1 + 1 (2 + 1 → 0 + 1) in the
dynamics of fermion pairing in a magnetic field is consistent with spontaneous
chiral symmetry breaking and does not contradict the Mermin-Wagner-Coleman
theorem forbidding the spontaneous breakdown of continuous symmetries in less
than 2+1 dimensions. In Sections 4-8 we study the NJL model in a magnetic field
in 3+1 dimensions. We derive the low-energy effective action and determine the
spectrum of long wavelength collective excitations in this model. We also compare
these results with those in the (2 + 1)–dimensional NJL model [2]. In Section
9 we study dynamical chiral symmetry breaking in QED in a magnetic field.
In Section 10 we summarize the main results of the paper and discuss possible
applications of this effect. In Appendix A some useful formulas and relations are
derived. In Appendix B the reliability of the 1/Nc expansion in the NJL model
in a magnetic field is discussed. In Appendix C we analyze the Bethe-Salpeter
equation for Nambu-Goldstone bosons in QED in a magnetic field.
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2. FERMIONS IN A CONSTANT MAGNETIC FIELD
In this section we will discuss the problem of relativistic fermions in a magnetic
field in 3+1 dimensions and compare it with the same problem in 2+1 dimensions.
We will show that the roots of the fact that a magnetic field is a strong catalyst
of chiral symmetry breaking are actually in this dynamics.
The Lagrangian density in the problem of a relativistic fermion in a constant
magnetic field B takes the form
L = 1
2
[ψ¯, (iγµDµ −m)ψ] , µ = 0, 1, 2, 3, (7)
where the covariant derivative is
Dµ = ∂µ − ieAextµ . (8)
We will use two gauges in this paper:
Aextµ = −δµ1Bx2 (9)
(the Landau gauge) and
Aextµ = −
1
2
δµ1Bx2 +
1
2
δµ2Bx1 (10)
(the symmetric gauge). The magnetic field is in the +x3 direction.
The energy spectrum of fermions is [8]:
En(k3) = ±
√
m2 + 2|eB|n+ k23 , n = 0, 1, 2, . . . (11)
(the Landau levels). Each Landau level is degenerate: at each value of the mo-
mentum k3, the number of states is
dN0 = S12L3
|eB|
2π
dk3
2π
at n=0, and
dNn = S12L3
|eB|
π
dk3
2π
at n ≥ 1 (where L3 is the size in the x3-direction and S12 is the square in the
x1x2-plane). In the Landau gauge (9), the degeneracy is connected with the
momentum k1 which at the same time coincides with the x2 coordinate of the
center of a fermion orbit in the x1x2-plane [8]. In the symmetric gauge (10), the
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degeneracy is connected with the angular momentum J12 in the x1x2-plane (for
a recent review see Ref. [9]).
As the fermion mass m goes to zero, there is no energy gap between the vacuum
and the lowest Landau level (LLL) with n = 0. The density of the number of
states of fermions on the energy surface with E0 = 0 is
ν0 = V
−1dN0
dE0
∣∣∣∣
E0=0
= S−112 L
−1
3
dN0
dE0
∣∣∣∣
E0=0
=
|eB|
4π2
, (12)
where E0 = |k3| and dN0 = V |eB|2π dk32π (here V = S12L3 is the volume of the
system). We will see that the dynamics of the LLL plays the crucial role in
catalyzing spontaneous chiral symmetry breaking. In particular, the density ν0
plays the same role here as the density of states on the Fermi surface νF in the
theory of superconductivity [4].
The important point is that the dynamics of the LLL is essentially (1+1)-dimen-
sional. In order to see this, let us consider the fermion propagator in a magnetic
field. It was calculated by Schwinger [1] and has the following form both in the
gauge (9) and the gauge (10):
S(x, y) = exp
[
ie
2
(x− y)µAextµ (x+ y)
]
S˜(x− y) , (13)
where the Fourier transform of S˜ is
S˜(k) =
∫ ∞
0
ds exp
[
is(k20 − k23 − k2⊥
tan(eBs)
eBs
−m2)
]
·[(k0γ0 − k3γ3 +m)(1 + γ1γ2 tan(eBs))− k⊥γ⊥(1 + tan2(eBs))] (14)
(here k⊥ = (k1,k2), γ⊥ = (γ1, γ2)). Then by using the identity i tan(x) =
1− 2 exp(−2ix)/[1 + exp(−2ix)] and the relation [5]
(1− z)−(α+1) exp
(
xz
z − 1
)
=
∞∑
n=0
Lαn(x)z
n , (15)
where Lαn(x) are the generalized Laguerre polynomials, the propagator S˜(k) can
be decomposed over the Landau poles [10]:
S˜(k) = i exp
(
− k
2
⊥
|eB|
) ∞∑
n=0
(−1)n Dn(eB, k)
k20 − k23 −m2 − 2|eB|n
(16)
with
Dn(eB, k) = (k
0γ0 − k3γ3 +m)
[
(1− iγ1γ2sign(eB))Ln
(
2
k2⊥
|eB|
)
−(1 + iγ1γ2sign(eB))Ln−1
(
2
k2⊥
|eB|
)]
+ 4(k1γ1 + k2γ2)L1n−1
(
2
k2⊥
|eB|
)
, (17)
6
where Ln ≡ L0n and Lα−1 = 0 by definition. The LLL pole is
S˜(0)(k) = i exp
(
− k
2
⊥
|eB|
)
k0γ0 − k3γ3 +m
k20 − k23 −m2
(1− iγ1γ2sign(eB)) . (18)
This equation clearly demonstrates the (1+1)–dimensional character of the LLL
dynamics in the infrared region, with k2⊥ ≪ |eB|. Since at m2, k20, k23,k2⊥ ≪
|eB| the LLL pole dominates in the fermion propagator, one concludes that the
dimensional reduction 3 + 1 → 1 + 1 takes place for the infrared dynamics in
a strong (with |eB| ≫ m2) magnetic field. It is clear that such a dimensional
reduction reflects the fact that the motion of charged particles is restricted in
directions perpendicular to the magnetic field.
The LLL dominance can, in particular, be seen in the calculation of the chiral
condensate:
〈0|ψ¯ψ|0〉 = − lim
x→y
tr S(x, y) = − i
(2π)4
tr
∫
d4k S˜E(k)
= − 4m
(2π)4
∫
d4k
∫ ∞
1/Λ2
ds exp
[
−s
(
m2 + k24 + k
2
3 + k
2
⊥
tanh(eBs)
eBs
)]
= −|eB| m
4π2
∫ ∞
1/Λ2
ds
s
e−sm
2
coth(|eBs|) −→
m→0
−|eB| m
4π2
(
ln
Λ2
m2
+O(m0)
)
, (19)
where S˜E(k) is the image of S˜(k) in Euclidean space and Λ is an ultraviolet
cutoff. As it is clear from Eqs. (16) and (18), the logarithmic singularity in the
condensate appears due to the LLL dynamics.
The above consideration suggests that there is a universal mechanism for enhanc-
ing the generation of fermion masses by a strong magnetic field in 3+1 dimen-
sions: the fermion pairing takes place essentially for fermions at the LLL and this
pairing dynamics is (1+1)–dimensional (and therefore strong) in the infrared re-
gion. This in turn suggests that in a magnetic field, spontaneous chiral symmetry
breaking takes place even at the weakest attractive interaction between fermions
in 3+1 dimensions. In this paper we will show the existence of this effect in the
NJL model and QED.
In conclusion, let us compare the dynamics in a magnetic field in 3+1 dimen-
sions with that in 2+1 dimensions [2]. In 2+1 dimensions, we consider the four–
component fermions [11], connected with a four–dimensional (reducible) repre-
sentation of Dirac’s matrices
γ0 =
(
σ3 0
0 −σ3
)
, γ1 =
(
iσ1 0
0 −iσ1
)
, γ2 =
(
iσ2 0
0 −iσ2
)
. (20)
The Lagrangian density is:
L = 1
2
[ψ¯, (iγµDµ −m)ψ] , (21)
7
where Dµ = ∂µ − ieAextµ with Aextµ = (0,−Bx2, 0) or Aextµ = (0,−B2 x2, B2 x1).
At m = 0, this Lagrangian density is invariant under the flavor (chiral) U(2)
transformations with the generators
T0 = I, T1 = γ5, T2 =
1
i
γ3, T3 = γ
3γ5 (22)
where γ5 = iγ0γ1γ2γ3 = i
(
0 I
−I 0
)
. The mass term breaks this symmetry down
to the U(1) × U(1) with the generators T0 and T3. The fermion propagator in
2+1-dimensions is [2]:
S(x, y) = exp
(
ie
2
(x− y)µAextµ (x+ y)
)
S˜(x− y) , (23)
where the Fourier transform S˜(k) of S˜(x) is
S˜(k) =
∫ ∞
1/Λ2
ds exp
[
−ism2 + isk20 − isk2
tan(eBs)
eBs
]
·[(kµγµ +m+ (k2γ1 − k1γ2) tan(eBs))(1 + γ1γ2 tan(eBs))] . (24)
The decomposition S˜(k) over the Landau level poles now takes the following form:
S˜(k) = i exp
(
− k
2
|eB|
) ∞∑
n=0
(−1)n Dn(eB, k)
k20 −m2 − 2|eB|n
(25)
with
Dn(eB, k) = (k
0γ0 +m)
[
(1− iγ1γ2sign(eB))Ln
(
2
k2
|eB|
)
−(1 + iγ1γ2sign(eB))Ln−1
(
2
k2
|eB|
)]
+ 4(k1γ1 + k2γ2)L1n−1
(
2
k2
|eB|
)
. (26)
Then Eq. (25) implies that as m→ 0, the condensate 〈0|ψ¯ψ|0〉 remains non-zero
due to the LLL:
〈0|ψ¯ψ|0〉 = − lim
m→0
m
(2π)3
∫
d3k
exp(−k2/|eB|)
k23 +m
2
= −|eB|
2π
(27)
(for concreteness, we consider m ≥ 0). The appearance of the condensate in
the flavor (chiral) limit, m → 0, signals the spontaneous breakdown of U(2)
to U(1) × U(1) [2]. As we will discuss in Section 5, this in turn provides the
analyticity of the dynamical mass mdyn as a function of the coupling constant G
at G = 0 in the (2 + 1)–dimensional NJL model.
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3. IS THE DIMENSIONAL REDUCTION 3+1 → 1+1 (2+1 → 0+1)
CONSISTENT WITH SPONTANEOUS CHIRAL
SYMMETRY BREAKING?
In this section we consider the question whether the dimensional reduction 3+1
→ 1+1 (2+1 → 0+1) in the dynamics of the fermion pairing in a magnetic field
is consistent with spontaneous chiral symmetry breaking. This question occurs
naturaly since, due to the Mermin-Wagner-Coleman (MWC) theorem [12], there
cannot be spontaneous breakdown of continuous symmetries at D = 1 + 1 and
D = 0+1. The MWC theorem is based on the fact that gapless Nambu-Goldstone
(NG) bosons cannot exist in dimensions less than 2+1. This is in particular
reflected in that the (1 + 1)–dimensional propagator of would be NG bosons
would lead to infrared divergences in perturbation theory (as indeed happens
in the 1/Nc expansion in the (1 + 1)–dimensional Gross–Neveu model with a
continuous symmetry [13]).
However, the MWC theorem is not applicable to the present problem. The cen-
tral point is that the condensate 〈0|ψ¯ψ|0〉 and the NG modes are neutral in this
problem and the dimensional reduction in a magnetic field does not affect the
dynamics of the center of mass of neutral excitations. Indeed, the dimensional
reductionD → D−2 in the fermion propagator, in the infrared region, reflects the
fact that the motion of charged particles is restricted in the directions perpen-
dicular to the magnetic field. Since there is no such restriction for the motion of
the center of mass of neutral excitations, their propagators have D–dimensional
form in the infrared region (since the structure of excitations is irrelevant at
long distances, this is correct both for elementary and composite neutral exci-
tations). 1 This fact will be shown for neutral bound states in the NJL model
in a magnetic field, in the 1/Nc expansion, in Section 6 and Appendix B. Since,
besides that, the propagator of massive fermions is, though (D−2)–dimensional,
nonsingular at small momenta, the infrared dynamics is soft in a magnetic field,
and spontaneous chiral symmetry breaking is not washed out by the interactions,
as happens, for example, in the (1 + 1)–dimensional Gross–Neveu model [13].
This point is intimately connected with the status of the space-translation sym-
metry in a constant magnetic field. In the gauge (9), the translation symmetry
along the x2 direction is broken; in the gauge (10), the translation symmetry
along both the x1 and x2 directions is broken. However, for neutral states, all
the components of the momentum of their center of mass are conserved quantum
numbers (this property is gauge invariant) [14]. In order to show this, let us in-
1The Lorentz invariance is broken by a magnetic field in this problem. By the D–dimensional
form, we understand that the denominator of the propagator depends on energy and all the
components of momentum. That is, for D = 3 + 1, D(P ) ∼ (P 20 − C⊥P2⊥ − C3P 23 )−1 with
C⊥, C3 6= 0.
9
troduce the following operators (generators of the group of magnetic translations)
describing the translations in first quantized theory:
Pˆx1 =
1
i
∂
∂x1
, Pˆx2 =
1
i
∂
∂x2
+ QˆBx1 , Pˆx3 =
1
i
∂
∂x3
(28)
in gauge (9), and
Pˆx1 =
1
i
∂
∂x1
− Qˆ
2
Bx2 , Pˆx2 =
1
i
∂
∂x2
+
Qˆ
2
Bx1 , Pˆx3 =
1
i
∂
∂x3
(29)
in gauge (10) (Qˆ is the charge operator). One can easily check that these operators
commute with the Hamiltonian of the Dirac equation in a constant magnetic field.
Also, we get:
[Pˆx1, Pˆx2] =
1
i
QˆB , [Pˆx1, Pˆx3] = [Pˆx2, Pˆx3] = 0 . (30)
Therefore all the commutators equal zero for neutral states, and the momentum
P = (P1, P2, P3) can be used to describe the dynamics of the center of mass of
neutral states.
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4. THE NAMBU-JONA-LASINIO MODEL IN A MAGNETIC FIELD:
GENERAL CONSIDERATION
In this and the next four sections we shall consider the NJL model in a magnetic
field. This model gives a clear illustration of the general fact that a constant
magnetic field is a strong catalyst for the generation of a fermion dynamical
mass.
Let us consider the (3+1)–dimensional NJL model with the UL(1)×UR(1) chiral
symmetry:
L = 1
2
[ψ¯, (iγµDµ)ψ] +
G
2
[(ψ¯ψ)2 + (ψ¯iγ5ψ)2] , (31)
where Dµ is the covariant derivative (8) and fermion fields carry an additional
“color” index α = 1, 2, . . . , Nc. The theory is equivalent to the theory with the
Lagrangian density
L = 1
2
[ψ¯, (iγµDµ)ψ]− ψ¯(σ + iγ5π)ψ − 1
2G
(σ2 + π2) . (32)
The Euler-Lagrange equations for the auxiliary fields σ and π take the form of
constraints:
σ = −G(ψ¯ψ) , π = −G(ψ¯iγ5ψ) , (33)
and the Lagrangian density (32) reproduces Eq. (31) upon application of the
constraints (33).
The effective action for the composite fields is expressed through the path integral
over fermions:
Γ(σ, π) = Γ˜(σ, π)− 1
2G
∫
d4x(σ2 + π2) , (34)
exp(iΓ˜) =
∫
[dψ][dψ¯] exp
{
i
2
∫
d4x[ψ¯, {iγµDµ − (σ + iγ5π)}ψ]
}
= exp
{
TrLn
[
iγµDµ − (σ + iγ5π)
]}
, (35)
i.e.
Γ˜(σ, π) = −iTr Ln[iγµDµ − (σ + iγ5π)] . (36)
As Nc → ∞, the path integral over the composite fields σ and π is dominated
by the stationary points of the action: δΓ/δσ = δΓ/δπ = 0. We will analyze
11
the dynamics in this limit by using the expansion of the action Γ in powers of
derivatives of the composite fields.
Is the 1/Nc expansion reliable in this problem? The answer to this question is
“yes”. It is connected with the fact, already discussed in the previous section,
that the dimensional reduction 3+1→ 1+1 by a magnetic field does not affect the
dynamics of the center of mass of the NG bosons. If the reduction affected it, the
1/Nc perturbative expansion would be unreliable. In particular, the contribution
of the NG modes in the gap equation, in next–to–leading order in 1/Nc, would lead
to infrared divergences (as happens in the (1+1)–dimensional Gross–Neveu model
with a continuous chiral symmetry [13]). This is not the case here. Actually,
as we will show in Appendix B, the next-to-leading order in 1/Nc yields small
corrections to the whole dynamics at sufficiently large values of Nc.
12
5. THE NJL MODEL IN A MAGNETIC FIELD:
THE EFFECTIVE POTENTIAL
We begin the calculation of the effective action Γ by calculating the effective
potential V . Since V depends only on the UL(1)× UR(1)-invariant ρ2 = σ2 + π2,
it is sufficient to consider a configuration with π = 0 and σ independent of x. So
now Γ˜(σ) in Eq. (36) is:
Γ˜ = −i TrLn(iDˆ − σ) = −i ln Det(iDˆ − σ) , (37)
where Dˆ ≡ γµDµ. Since
Det(iDˆ − σ) = Det(γ5(iDˆ − σ)γ5) = Det(−iDˆ − σ) , (38)
we find that
Γ˜(σ) = − i
2
Tr[ Ln(iDˆ − σ) + Ln(−iDˆ − σ)] = − i
2
Tr Ln(Dˆ2 + σ2) . (39)
Therefore Γ˜(σ) can be expressed through the following integral over the proper
time s:
Γ˜(σ) = − i
2
Tr Ln(Dˆ2 + σ2) =
i
2
∫
d4x
∫ ∞
0
ds
s
tr〈x|e−is(Dˆ2+σ2)|x〉 (40)
where
Dˆ2 = DµD
µ − ie
2
γµγνF extµν = DµD
µ + ieγ1γ2B . (41)
The matrix element 〈x|eis(Dˆ2+σ2)|y〉 was calculated by Schwinger [1]:
〈x|e−is(Dˆ2+σ2)|y〉 = e−isσ2〈x|e−isDµDµ|y〉[cos(eBs) + γ1γ2 · sin(eBs)]
=
−i
(4πs)2
e−i(sσ
2−Scℓ)[eBs cot(eBs) + γ1γ2eBs] , (42)
where
Scℓ = e
∫ x
y
Aextλ dz
λ − 1
4s
(x− y)ν(gνµ + (F
2
ext)
νµ
B2
·[1− eBs cot(eBs)])(x− y)µ . (43)
Here the integral
∫ x
y A
ext
λ dz
λ is taken along a straight line. Substituting expression
(42) into Eq. (40), we find
Γ˜(σ) =
Nc
8π2
∫
d4x
∫ ∞
0
ds
s2
e−isσ
2
eB cot(eBs) . (44)
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Therefore the effective potential is
V (ρ) =
ρ2
2G
+ V˜ (ρ) =
ρ2
2G
+
Nc
8π2
∫ ∞
1/Λ2
ds
s2
e−sρ
2
eB coth(eBs) , (45)
where now the ultraviolet cutoff has been explicitly introduced.
By using the integral representation for the generalized Riemann zeta function ζ
[5],
∫ ∞
0
dssµ−1e−βs coth s = Γ(µ)
[
21−µζ
(
µ,
β
2
)
− β−µ
]
, (46)
which is valid at µ > 1, and analytically continuing this representation to negative
values of µ, we can rewrite Eq. (45) as
V (ρ) =
ρ2
2G
+
Nc
8π2
[
Λ4
2
+
1
3ℓ4
ln(Λℓ)2 +
1− γ − ln 2
3ℓ4
− (ρΛ)2 + ρ
4
2
ln(Λℓ)2 +
ρ4
2
(1− γ − ln 2) + ρ
2
ℓ2
ln
ρ2ℓ2
2
− 4
ℓ4
ζ ′
(
−1, ρ
2ℓ2
2
+ 1
)]
+O(1/Λ) , (47)
where the magnetic length ℓ ≡ |eB|−1/2, ζ ′(−1, x) = d
dν
ζ(ν, x)|ν=−1, and γ ≃
0.577 is the Euler constant. 2
The gap equation dV/dρ = 0 is
ρΛ2
(
1
g
− 1
)
= −ρ3 ln (Λℓ)
2
2
+ γρ3 + ℓ−2ρ ln
(ρℓ)2
4π
+ 2ℓ−2ρ ln Γ
(
ρ2ℓ2
2
)
+O(1/Λ) , (48)
where the dimensionless coupling constant g = NcGΛ
2/(4π2). In the derivation
of this equation, we used the relations [5]:
d
dx
ζ(ν, x) = −νζ(ν + 1, x) , (49)
d
dν
ζ(ν, x)|ν=0= lnΓ(x)−
1
2
ln 2π , ζ(0, x) =
1
2
− x . (50)
2In this paper, for simplicity, we consider the case of a large ultraviolet cutoff: Λ2 ≫ ρ¯2, |eB|,
where ρ¯ is a minimum of the potential V . Notice, however, that in some cases (as in the
application of the NJL model to hadron dynamics [6]), Λ2 and ρ¯2 may be comparable in
magnitude.
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As B → 0 (ℓ→∞), we recover the known gap equation in the NJL model [3, 6]:
ρΛ2
(
1
g
− 1
)
= −ρ3 ln Λ
ρ2
. (51)
This equation admits a nontrivial solution only if g is supercritical, g > gc = 1
(as Eq. (32) implies, a solution to Eq. (48), ρ = σ¯, coincides with the fermion
dynamical mass, σ¯ = mdyn, and the dispersion relation for fermions is Eq. (11)
with m replaced by σ¯). We will show that the magntic field changes the situation
dramatically: at B 6= 0, a nontrivial solution exists for all g > 0.
We shall first consider the case of subcritical g, g < gc = 1, which in turn can be
divided into two subcases: a) g ≪ gc and b) g → gc − 0 (nearcritical g). Since
at g < gc = 1, the left-hand side in Eq. (48) is positive and the first term on the
right-hand side in this equation is negative, we conclude that a nontrivial solution
to this equation may exist only at ρ2 ln(Λℓ)2 ≪ ℓ−2 ln(ρℓ)−2. Then we find the
solution at g ≪ 1:
m2dyn ≡ σ¯2 =
|eB|
π
exp
(
−4π
2(1− g)
|eB|NcG
)
. (52)
One can check that the dynamical mass is mostly generated in the infrared re-
gion, with k <∼ ℓ−1 = |eB|1/2, where the contribution of the LLL dominates. In
order to show this, one should check that essentially the same result for mdyn
is obtained if the full fermion propagator in the gap equation is replaced by the
LLL contribution and the cutoff Λ is replaced by
√
|eB| (see Section 8 below).
It is instructive to compare the relation (52) with the relations for the dynamical
mass in the (1 + 1)–dimensional Gross–Neveu model [13], in the BCS theory of
superconductivity [4], and in the (2 + 1)–dimensional NJL model in a magnetic
field [2].
The relation for m2dyn in the Gross-Neveu model is
m2dyn = Λ
2 exp
(
− 2π
NcG(0)
)
(53)
where G(0) is the bare coupling, which is dimensionless at D = 1 + 1. The
similarity between relations (52) and (53) is evident: |eB| and |eB|G in Eq. (52)
play the role of an ultraviolet cutoff and the dimensionless coupling constant in
Eq. (53), respectively. This of course reflects the point that the dynamics of
the fermion pairing in the (3 + 1)–dimensional NJL model in a magnetic field is
essentially (1+1)–dimensional. We shall return to the discussion of the connection
between this dynamics and that in the Gross-Neveu model in Sec. 7.
We recall that, because of the Fermi surface, the dynamics of the electron in
superconductivity is also (1 + 1)–dimensional. This analogy is rather deep. In
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particular, the expression (52) for mdyn can be rewritten in a form similar to
that for the energy gap ∆ in the BCS theory: while ∆ ∼ ωD exp(−const./νFGS),
where ωD is the Debye frequency, GS is a coupling constant and νF is the density
of states on the Fermi surface, the mass mdyn is mdyn ∼
√
|eB| exp(−1/2Gν0),
where the density of states ν0 on the energy surface E = 0 of the LLL is now
given by expression (12) multiplied by the factor Nc. Thus the energy surface
E = 0 plays here the role of the Fermi surface.
Let us now compare the relation (52) with that in the (2 + 1)–dimensional NJL
model in a magnetic field, in a weak coupling regime. It is [2]:
m2dyn = |eB|2
N2cG
2
4π2
(54)
While the expression (52) for m2dyn has an essential singularity at G = 0, m
2
dyn in
the (2+ 1)–dimensional NJL model is analytic at G = 0. The latter is connected
with the fact that in 2+1 dimensions the condensate 〈0|ψ¯ψ|0〉 is non-zero even
for free fermions in a magnetic field (see Eq. (27)). Indeed, Eq. (33) implies
that mdyn = 〈0|σ|0〉 = −G〈0|ψ¯ψ|0〉. From this fact, and Eq. (27), we get
the relation (54), to leading order in G. Therefore the dynamical mass mdyn is
essentially perturbative in G in this case. As we will see in Section 8, this is
in turn intimately connected with the fact that, for D=2+1, the dynamics of
fermion pairing in a magntic field is (0 + 1)–dimensional.
Let us now consider near-critical values of g, with Λ2(1 − g)/gρ2 ≪ ln(Λρ)2.
Looking for a solution to the gap equation (48) with ρ2ℓ2 ≪ 1, we arrive at the
following equation:
1
ρ2ℓ2
ln
1
πρ2ℓ2
≃ ln Λ2ℓ2 , (55)
i.e.
m2dyn = σ¯
2 ≃ |eB| ln[(ln Λ
2ℓ2)/π]
ln Λ2ℓ2
. (56)
What is the physical meaning of this relation? Let us recall that at g = gc, the
NJL model is equivalent to the (renormalizable) Yukawa model [6]. In leading
order in 1/Nc, the renormalized Yukawa coupling α
(ℓ−1)
Y = (g
(ℓ−1)
Y )
2/(4π), corre-
sponding to the scale µ = ℓ−1, is α
(ℓ−1)
Y = π/ lnΛ
2ℓ2 [6]. Therefore the expression
(56) for the dynamical mass can be rewritten as
m2dyn ≃ |eB|
α
(ℓ−1)
Y
π
ln
1
α
(ℓ−1)
Y
. (57)
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Thus, as has to be the case in a renormalizable theory, the cutoff Λ is removed,
through the renormalization of parameters (the coupling constant, in this case),
from the observable mdyn.
Let us now consider the case of supercritical values of g (g > gc). In this case an
analytic expression for mdyn can be obtained for a weak magnetic field, satisfying
the condition |eB|1/2/m(0)dyn ≪ 1, where m(0)dyn is the solution to the gap equation
(51) with B = 0. Then we find from Eq. (48):
m2dyn ≃ (m(0)dyn)2
[
1 +
|eB|2
3(m
(0)
dyn)
4 ln(Λ/m
(0)
dyn)
2
]
, (58)
i.e. mdyn increases with |B|. 3 Notice that in the near-critical region, with
g − gc ≪ 1, this expression for m2dyn can be rewritten as
m2dyn ≃ (m(0)dyn)2
[
1 +
1
3π
α
(mdyn)
Y
|eB|2
(m
(0)
dyn)
4
]
, (59)
where, to leading order in 1/Nc, α
(mdyn)
Y = π/ ln(Λ/mdyn)
2 ≃ π/ ln(Λ/m(0)dyn)2 is
the renormalized Yukawa coupling related to the scale µ = mdyn.
In conclusion, let us discuss the validity of the LLL dominance approximation in
more detail. As Eq. (33) implies, the dynamical mass is
mdyn = 〈0|σ|0〉 = −G〈0|ψ¯ψ|0〉 . (60)
Calculating the condensate 〈0|ψ¯ψ|0〉 in the LLL dominance approximation, we
find (see Eqs. (18) and (19)):
mdyn = NcG
mdyn|eB|
4π2
ln
Λ2
m2dyn
, (61)
i.e.
m2dyn = Λ
2 exp
(
− 4π
2
|eB|NcG
)
. (62)
Comparing this relation with Eq. (52), corresponding to dynamics with g outside
the near–critical region, we conclude that this approximation reproduces correctly
the essential singularity in m2dyn at G = 0. On the other hand, the coefficient of
the exponent in Eq. (52) gets a contribution from all the Landau levels.
3The fact that in the supercritical phase of the NJL model, mdyn increases with |B| has
been already pointed out by several authors (for a review, see Ref. [15]).
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In the near-critical region, with 1−g ≪ m
2
dyn
Λ2
lnΛ2ℓ2, all the Landau levels become
equally important (see Eq. (56)), and the LLL dominance approximation ceases
to be valid. This also happens (in a weak magnetic field) at supercritical values
of g, g > gc, when the dynamical mass is generated even without a magnetic field.
Thus we conclude that, like the BCS approximation in the theory of superconduc-
tivity, the LLL dominance approximation is appropriate for the description of the
dynamics of weakly interacting fermions. This point will be especially important
in QED, considered in Section 9.
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6. THE NJL MODEL IN A MAGNETIC FIELD:
THE KINETIC TERM
Let us now consider the kinetic term Lk in the effective action (34). The chiral
UL(1)× UR(1) symmetry implies that the general form of the kinetic term is
Lk = F
µν
1
2
(∂µρj∂νρj) +
F µν2
ρ2
(ρj∂µρj)(ρi∂νρi) (63)
where ρ = (σ, π) and F µν1 , F
µν
2 are functions of ρ
2. We found these functions by
using the method of Ref. [16]. The derivation of Lk is considered in Appendix
A. Here we shall present the final results.
The functions F µν1 , F
µν
2 are F
µν
1 = g
µνF µµ1 , F
µν
2 = g
µνF µµ2 with
F 001 = F
33
1 =
Nc
8π2
[
ln
Λ2ℓ2
2
− ψ
(
ρ2ℓ2
2
+ 1
)
+
1
ρ2ℓ2
− γ + 1
3
]
,
F 111 = F
22
1 =
Nc
8π2
[
ln
Λ2
ρ2
− γ + 1
3
]
,
F 002 = F
33
2 = −
Nc
24π2
[
ρ2ℓ2
2
ζ
(
2,
ρ2ℓ2
2
+ 1
)
+
1
ρ2ℓ2
]
,
F 112 = F
22
2 =
Nc
8π2
[
ρ4ℓ4ψ
(
ρ2ℓ2
2
+ 1
)
− 2ρ2ℓ2 ln Γ
(
ρ2ℓ2
2
)
− ρ2ℓ2 ln ρ
2ℓ2
4π
− ρ4ℓ4 − ρ2ℓ2 + 1
]
(64)
where ψ(x) = d(ln Γ(x))/dx. (We recall that the magnetic length is ℓ ≡ |eB|−1/2.)
As follows from Eqs. (63) and (64), the propagators of σ and π in leading order
in 1/Nc have a genuine (3 + 1)–dimensional form. This agrees with the general
arguments in support of the (3 + 1)–dimensional form of propagators of neutral
particles in a magnetic field considered in Section 3. We shall see in Appendix
B that this point is crucial for providing the reliability of the 1/Nc expansion in
this problem.
Now, knowing the effective potential and the kinetic term, we can find the dis-
persion law for the collective excitations σ and π.
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7. THE NJL MODEL IN A MAGNETIC FIELD: THE SPECTRUM
OF THE COLLECTIVE EXCITATIONS
The derivative expansion for the effective action is reliable in the infrared region,
with k <∼ Fπ, where Fπ ∼ mdyn is the decay constant of π. Therefore it is
appropriate for the description of the low-energy dynamics of the gapless NG
mode π, but may, at most, aspire to describe only qualitatively the dynamics of
the σ mode. Nevertheless, for completeness, we will derive the dispersion law
both for π and σ.
We begin by considering the spectrum of the collective excitations in the subcrit-
ical, g < gc, region. At g ≪ gc = 1 we find the following dispersion laws from
Eqs. (47), (63) and (64):
Eπ ≃
[m2dyn
|eB| ln
( |eB|
πm2dyn
)
k2⊥ + k
2
3
]1/2
. (65)
Eσ ≃
[
12 m2dyn +
3m2dyn
|eB| ln
( |eB|
πm2dyn
)
k2⊥ + k
2
3)
]1/2
(66)
with mdyn defined in Eq. (52). Thus the π is a gapless NG mode. Taking into
account Eq. (52), we find that the transverse velocity |v⊥| = |∂Eπ/∂k⊥| of π is
less than 1.
In the near–critical region, with g − gc ≪ 1 (where the NJL model is equivalent
to the Yukawa model), we find from Eqs. (47), (57), (63) and (64):
Eπ ≃
[(
1− 1
ln π/α
(ℓ−1)
Y
)
k2⊥ + k
2
3
]1/2
, (67)
Eσ =
[
4m2dyn
(
1 +
2
3 lnπ/α
(ℓ−1)
Y
)
+
(
1− 1
3 lnπ/α
(ℓ−1)
Y
)
k2⊥ + k
2
3
]1/2
. (68)
Thus, as has to be the case in a renormalizable model, the cutoff Λ disappears
from the observables Eπ and Eσ. Note also that the transverse velocity v⊥ of π
is again less than 1.
Since the derivative expansion is valid only at small values of k⊥, k3, satisfying
k⊥, k3 <∼ Fπ ∼ mdyn, the relations (65)-(68) are valid only in the infrared region (as
we already indicated above, the relations (66) and (68) for σ are only estimates).
In particular, since, as B → 0, the dynamical mass mdyn and the decay constant
Fπ ∼ mdyn go to zero in the subcritical region, these relations cease to be valid,
even in the infrared region, at B = 0.
Let us now turn to the supercritical region, with g > gc. The analytic expressions
for Eπ and Eσ can be obtained for weak magnetic fields, satisfying |eB|1/2 ≪
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m
(0)
dyn, where m
(0)
dyn is the dynamical mass of fermions at B = 0. We find from Eqs.
(47), (63) and (64):
Eπ ≃
[(
1− (eB)
2
3m4dyn ln(Λ/mdyn)
2
)
k2⊥ + k
2
3
]1/2
, (69)
Eσ ≃
[
4m2dyn
(
1 +
1
3 ln(Λ/mdyn)2
+
4(eB)2
9m4dyn ln(Λ/mdyn)
2
)
+
(
1− 11(eB)
2
45m4dyn ln(Λ/mdyn)
2
)
k2⊥ + k
2
3
]1/2
, (70)
with mdyn given in Eq. (58). One can see that the magnetic field reduces the
transverse velocity v⊥ of π in this case as well.
Since in the supercritical region, with g − gc ≪ 1, the renormalized Yukawa
coupling is α
(mdyn)
Y = π/ ln(Λ/mdyn)
2 to leading order in 1/Nc, Eqs. (69) and (70)
can be rewritten in that region as
Eπ ≃
[(
1− α(mdyn)Y
(eB)2
3πm4dyn
)
k2⊥ + k
2
3
]1/2
, (71)
Eσ ≃
[
4m2dyn
(
1 + α
(mdyn)
Y
(
1
3π
+
4(eB)2
9πm4dyn
))
+
(
1− α(mdyn)Y
11(eB)2
45πm4dyn
)
k2⊥ + k
2
3
]1/2
. (72)
Let us now return to the discussion of the connection between the dynamics in
the (3 + 1)–dimensional NJL model in a magnetic field (with a weak coupling
g ≪ 1) and that in the Gross–Neveu (GN) model. Comparison of Eqs.(52)
and (53) suggests that the infrared dynamics in these two models may be sim-
ilar. The GN model is asymptotically free, with the bare coupling constant
G(0) = 2π/Nc ln(Λ
2/m2dyn) → 0 as Λ → ∞. Therefore there is the dimensional
transmutation in the model: in the scaling region, at G(0) ≪ 1, the infrared
dynamics with (lnΛ2/k2)−1 ≪ 1 is essentially independent either of the cou-
pling constant G(0) or the cutoff Λ; the only relevant parameter is the dynamical
mass mdyn (which is an analogue of the parameter ΛQCD in QCD). One might
expect that a similar dimensional transmutation should take place in the (3+1)–
dimensional NJL model in a magnetic field: at |eB|GNc ≪ 1 (see Eq.(52)), the
infrared dynamics should be essentially independent of the magnetic field and the
coupling constant G.
The situation in this model is however more subtle. As follows from Eq.(18) (with
m replaced by mdyn), the fermion propagator in the infrared region is indeed
independent (up to power corrections ∼ (k2⊥/|eB|)n, n ≥ 1) of the magnetic
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field. However, the dependence of the propagator of the NG mode π on |eB| is
essential. Though, as follows from Eqs.(52) and (65), the maximum transverse
velocity |v⊥| =
√
(m2dyn/|eB|) ln(|eB|/πm2dyn) of π is small at |eB|GNc ≪ 1, it is
crucial that it is nonzero. The latter provides the (3 + 1)–dimensional character
of the NG propagator and, as was already explained in Sec. 3, this in turn is
crucial for the realization of spontaneous chiral symmetry breaking in the model.
We recall that in the (1+1)–dimensional GN model with the chiral UL(1)×UR(1)
symmetry, there is no spontaneous chiral symmetry breaking, despite the fact that
the fermion dynamical mass is nonzero: in accordance with the MWC theorem
[12], there are no NG bosons in this model. As was suggested by Witten (see the
second paper in Ref.[13]), in the GN model, the Berezinsky-Kosterlitz-Thouless
(BKT) phase is presumably realized, with the NG bosons being replaced by the
BKT vortex collective excitations.
Therefore, in (3 + 1)–dimensional NJL model, the magnetic length ℓ ≡ |eB|−1/2
acts as a (physical) regulator: at finite ℓ, there is spontaneous chiral symmetry
breaking, the propagator of NG mode π has a (3+1)–dimensional form and, as a
result, the 1/Nc expansion is reliable (see Appendix B). In a sense, the magnetic
length ℓ plays here the same role as the ǫ parameter in the (2 + ǫ)–dimensional
GN model [13]4.
It is noticeable that the observables Eπ and Eσ in Eqs.(65) and (66) do not depend
explicitly on cutoff Λ. It happens because, due to the relation (52) for mdyn, the
term 1/ρ2ℓ2|ρ2≃ρ¯2=m2
dyn
dominates in the functions F 001 = F
33
1 and F
00
2 = F
33
2
in the kinetic term (see Eq.(64)). In this dynamical regime, there is a strong
hierachy of two scales: m2dyn ≪ |eB|. In a sense, with respect to the infrared
dynamics with k2 ≪ |eB|, the scale |eB| plays the role of a (physical) ultraviolet
cutoff.
Let us consider the renormalization group properties of this dynamics.
The reliability of the 1/Nc expansion implies that the infrared dynamics in this
model is (at least at sufficiently large Nc) under control: the effects connected
with nonleading orders in 1/Nc are small (see Appendix B). Let us consider
the running Yukawa coupling in this model. In leading order in 1/Nc, the bare
Yukawa coupling and both the renormalization constant of the fermion field and
that of the Yukawa vertex equal one (see Appendix B). Therefore the behavior
of the running Yukawa coupling is determined by the renormalization constant
4Comparing the effective actions in the (3 + 1)–dimentsional NJL model in a magnetic field
and (1 + 1)–dimentsional GN model, one can show (at least formally) that, as |eB| → ∞, the
NJL model, with Nc colors becomes equivalent to the GN model with the number of colors
N˜c = NcN , where N = |eB|S12/2pi→∞ is the number of states at the LLL (S12 is the square
in the x1x2-plane). This interesting limit will be considered in more detail elsewhere.
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of the chiral field ρ: g
(µ)
Y ∼
√
Z
(µ)
ρ . Eq.(64) implies that Z(µ)
−1
ρ ∼ Nc|eB|/8π2µ2
at µ ∼ mdyn. Therefore the running Yukawa coupling is weak in the infrared
region: g
(µ)
Y ∼
√
8π2µ2/Nc|eB| and g(µ)Y → 0 as |eB| (and therefore also Λ) goes
to infinity, i.e. there is a Gaussian infrared fixed point.
Examining the effective potential and the kinetic term in the effective action,
one can show that a similar behavior occurs for the rest of running couplings,
describing self–interactions of the chiral field ρ.
We emphasize that this discussion relates only to the NJL model with a weak
coupling constant. In the case of the NJL model with a near–critical g, the
situation is different. In that case, one finds from (64) that the renormalization
constant Z(µ)
−1
ρ is Z
(µ)−1
ρ ∼ (Nc/4π2) ln(Λ/µ). Therefore the behavior of the
running coupling is similar to that in the NJL model without magnetic field (and
with the same near–critical g) [6]: g
(µ)
Y ∼ 2π/
√
Nc ln Λ/µ, i.e. there is the usual
Gaussian infrared fixed point in this case.
As was already indicated in the previous section, the difference between these
two dynamical regimes is connected with the point that, while at g ≪ 1 the LLL
dominates, at a near–critical g, all Landau levels become relevant.
In the next section, we will derive the Bethe–Salpeter equation for the NG mode
π in the LLL dominance approximation. This will yield a further insight into
the physics of the dimensional reduction D → D − 2 in the dynamics of fermion
pairing in a magnetic field.
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8. THE NJL MODEL IN A MAGNETIC FIELD:
THE BETHE-SALPETER EQUATION
FOR THE NG MODE
The homogeneous Bethe-Salpeter (BS) equation for the NG bound state π takes
the form (for a review, see Ref. [6]):
χAB(x, y;P ) = −i
∫
d4x1d
4y1d
4x2d
4y2GAA1(x, x1)KA1B1;A2B2(x1y1, x2y2)
× χA2B2(x2, y2;P )GB1B(y1, y) , (73)
where the BS wave function χAB(x, y;P ) = 〈0|TψA(x)ψ¯B(y)|P ; π〉 and the fer-
mion propagator GAB(x, y) = 〈0|TψA(x)ψ¯B(y)|0〉; the indices A = (nα) and
B = (mβ) include both Dirac (n,m) and color (α, β) indices. Notice that though
the external field Aextµ breaks the conventional translation invariance, the total
momentum P is a good, conserved, quantum number for neutral bound states, in
particular for the π (see Section 3). Henceforth we will use the symmetric gauge
(10).
In leading order in 1/Nc, the BS kernel in the NJL model is [6]:
KA1B1;A2B2(x1y1, x2y2) = G[δA1B1δB2A2 + δα1β1δβ2α2(iγ5)n1m1(iγ5)m2n2
− δA1A2δB2B1 − δα1α2δβ2β1(iγ5)n1n2(iγ5)m2m1 ]
× δ4(x1 − y1)δ4(x1 − x2)δ4(x1 − y2) . (74)
Also, as was already indicated in Section 5, in this approximation, the full-fermion
propagator coincides with the propagator S (13) of a free fermion (with m =
mdyn) in a magnetic field.
Let us now factorize (as in Eq. (13)) the Schwinger phase factor in the BS wave
function:
χAB(R, r;P ) = δαβ exp(ier
µAextµ (R))e
−iPRχ˜nm(R, r;P ) , (75)
where we introduced the relative coordinate, r = x − y, and the center of mass
coordinate, R = (x+ y)/2. Then Eq. (73) can be rewritten as
χ˜nm(R, r;P ) = −iNcG
∫
d4R1S˜nn1
(
r
2
+R− R1
)[
δn1m1 tr(χ˜(R1, 0;P ))
− (γ5)n1m1tr(γ5χ˜(R1, 0;P ))−
1
Nc
χ˜n1m1(R1, 0;P )
+
1
Nc
(γ5)n1n2χ˜n2m2(R1, 0;P )(γ5)m2m1
]
×S˜m1m
(
r
2
−R +R1
)
exp[−ierµAextµ (R− R1)] exp[iP (R−R1)] . (76)
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The important fact is that the effect of translation symmetry breaking by the
magnetic field is factorized in the Schwinger phase factor in Eq. (75), and Eq.
(76) admits a translation invariant solution: χ˜nm(R, r;P ) = χ˜nm(r, P ).
5 Then,
transforming this equation into momentum space, we get:
χ˜nm(p;P ) = −iNcG
∫ d2q⊥d2R⊥d2k⊥d2k‖
(2π)6
× exp[i(P⊥ − q⊥)R⊥]S˜nn1
(
p‖ +
P‖
2
,p⊥ + eA
ext(R⊥) +
q⊥
2
)
×
[
δn1m1 tr(χ˜(k;P ))− (γ5)n1m1 tr(γ5χ˜(x;P ))−
1
Nc
χ˜n1m1(k;P )
+
1
Nc
(γ5)n1n2χ˜n2m2(k;P )(γ5)m2m1
]
× S˜m1m
(
p‖ − P‖
2
,p⊥ + eA
ext(R⊥)− q⊥
2
)
, (77)
where p‖ ≡ (p0, p3), p⊥ ≡ (p1, p2). Henceforth we will consider the equation with
the total momentum Pµ → 0.
We shall consider the case of weakly interacting fermions, when the LLL pole ap-
proximation for the fermion propagator is justified. Henceforth, for concreteness,
we will consider the case eB > 0. Then
S˜(p) ≃ i exp(−ℓ2p2⊥)
pˆ‖ +mdyn
p2‖ −m2dyn
(1− iγ1γ2) (78)
(see Eq. (18)), where pˆ‖ = p
0γ0−p3γ3, and Eq. (77) transforms into the following
one:
ρ(p‖,p⊥) =
iNcGℓ
2
(2π)5
e−ℓ
2p2
⊥
∫
d2A⊥d
2k⊥d
2k‖e
−ℓ2A2
⊥(1− iγ1γ2)
× Fˆ [ρ(k‖,k⊥)](1− iγ1γ2) , (79)
where
ρ(p‖,p⊥) = (pˆ‖ −mdyn)χ˜(p‖,p⊥)(pˆ‖ −mdyn) (80)
with χ(p‖,p⊥) ≡ χ(p‖,p⊥;P )|P=0, and the operator symbol Fˆ [ρ] means:
Fˆ [ρ(k‖,k⊥)] = tr
(
kˆ‖ +mdyn
k2‖ −m2dyn
ρ(k‖,k⊥)
kˆ‖ +mdyn
k2‖ −m2dyn
)
5This point is intimately connected with the fact that these bound states are neutral: the
Schwinger phase factor is universal for neutral fermion-antifermion bound states.
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− γ5tr
(
γ5
kˆ‖ +mdyn
k2‖ −mdyn
ρ(k‖,k⊥)
kˆ‖ +mdyn
k2‖ −m2dyn
)
− 1
Nc
kˆ‖ +mdyn
k2‖ −m2dyn
ρ(k‖,k⊥)
kˆ‖ +mdyn
k2‖ −m2dyn
+
1
Nc
γ5
kˆ‖ +mdyn
k2‖ −m2dyn
ρ(k‖,k⊥)
kˆ‖ +mdyn
k2‖ −m2dyn
γ5 . (81)
Eq. (79) implies that ρ(p‖,p⊥) = exp(−ℓ2p2⊥)ϕ(p‖), where ϕ(p‖) satisfies the
equation:
ϕ(p‖) =
iNcG
32π3ℓ2
∫
d2k‖(1− iγ1γ2)Fˆ [ϕ(k‖)](1− iγ1γ2) . (82)
Thus the BS equation has been reduced to a two–dimensional integral equation.
Of course, this fact reflects the two–dimensional character of the dynamics of the
LLL, that can be explicitly read off from Eq. (78).
Henceforth we will use Euclidean space with k4 = −ik0. In order to define the
matrix structure of the wavefunction ϕ(p‖) of the π, note that in a magnetic field,
in the symmetric gauge (10), there is the symmetry SO(2)× SO(2)× P, where
the SO(2)×SO(2) is connected with rotations in the x1− x2 and x3− x4 planes
and P is the inversion transformation x3 → −x3 (under which a fermion field
transforms as ψ → iγ5γ3ψ). This symmetry implies that the function ϕ(p‖) takes
the form:
ϕ(p‖) = γ5(A+ iγ1γ2B + pˆ‖C + iγ1γ2pˆ‖D) (83)
where pˆ‖ = p3γ3+p4γ4 and A,B,C andD are functions of p
2
‖ (γµ are antihermitian
in Euclidean space). Substituting expansion (83) into Eq. (82), we find that
B = −A, C = D = 0, i.e. ϕ(p‖) = Aγ5(1− iγ1γ2). 6 The function A satisfies the
equation
A(p) =
NcG
4π3ℓ2
∫
d2k
A(k)
k2 +m2dyn
. (84)
The solution to this equation is A(p) = constant, and introducing the ultraviolet
cutoff Λ, we get the gap equation for m2dyn:
1 =
NcG
4π2ℓ2
∫ Λ2
0
dk2
k2 +m2dyn
. (85)
6The occurrence of the projection operator (1− iγ1γ2)/2 in the wave function ϕ reflects the
fact that the spin of fermions at the LLL is polarized along the magnetic field.
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It leads to the expression
m2dyn = Λ
2 exp
(
−4π
2ℓ2
NcG
)
for m2dyn which coincides with expression (62) derived in Section 5.
The integral equation (84) can be rewritten in the form of a two–dimensional
Schro¨dinger equation with a δ–like potential. Indeed, introducing the wave func-
tion
Ψ(r) =
∫
d2k
(2π)2
e−ikr
k2 +m2dyn
A(k) , (86)
we find (
−∆+m2dyn −
NcG
πℓ2
δ2Λ(r)
)
Ψ(r) = 0 (87)
where
∆ =
∂2
∂r21
+
∂2
∂r22
and
δ2Λ(r) =
∫
Λ
d2k
(2π)2
e−ikr (88)
Notice that in the same way, one can show that in the (2 + 1)–dimensional NJL
model [2], the analog of Eq. (87) has the form of a one–dimensional Schro¨dinger
equation:
(
− ∂
2
∂r2
+m2dyn −
NcG
π2
δΛ(r)
)
Ψ(r) = 0 (89)
with δΛ(r) =
∫ Λ
−Λ
dk
2π
e−ikr. It leads to the following gap equation for m2dyn:
1 =
NcG
2π2ℓ2
∫ Λ
−Λ
dk
k2 +m2dyn
, (90)
which yields expression (4) for m2dyn in the limit Λ→∞: m2dyn = (|eB|NcG/2π)2.
Thus, since (−m2dyn) plays the role of the energy E in the Schro¨dinger equation
with a negative, i.e. attractive, potential, the problem has been reduced to finding
the spectrum of bound states (with E = −m2dyn < 0) of the two–dimensional
and one–dimensional Schro¨dinger equation with a short–range, δ-like, potential.
(Actually, since only the largest value of m2dyn defines the stable vacuum [6], one
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has to find the value of the energy for the lowest stationary level.) This allows us
to use some general results proved in the literature that will in turn yield some
additional insight into the dynamics of chiral symmetry breaking by a magnetic
field.
First, there is at least one bound state for the one–dimensional (d = 1) and
two–dimensional (d = 2) Schro¨dinger equation with an attractive potential [7].
Second, while the energy of the lowest level E(G) is an analytic function of the
coupling constant, around G = 0, at d = 1, it is non–analytic at G = 0 at d = 2
[7]. Moreover, at d = 2 for short–range potentials, the energy E(G) = −m2dyn(G)
takes the form E(G) ∼ − exp[1/(aG)] (with a being a positive constant) as G→ 0
[7].
Thus the results obtained in the NJL model at D = 2 + 1 and D = 3 + 1 agree
with these general results.
The fact that the effect of spontaneous chiral symmetry breaking by a magnetic
field is based on the dimensional reduction D → D − 2 in a magnetic field
suggests that this effect is general, and not restricted to the NJL model. In the
next section, we shall consider this effect in (3 + 1)–dimensional QED.
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9. SPONTANEOUS CHIRAL SYMMETRY BREAKING
BY A MAGNETIC FIELD IN QED
The dynamics of fermions in a constant magnetic field in QED was first considered
by Schwinger [1]. In that classical work, while the interaction with the external
magnetic field was considered in all orders in the coupling cosntant, the quantum
dynamics was treated perturbatively. There is no dynamical chiral symmetry
breaking in this approximation [17]. In this section we reconsider this problem,
treating the QED dynamics non-perturbatively, and show that, in ladder and
improved ladder approximations, a constant magnetic field leads to spontaneous
chiral symmetry breaking.
We will use the same strategy as in the previous section and derive the BS equa-
tion for the NG modes.
The Lagrangian density of massless QED in a magnetic field is:
L = −1
4
F µνFµν +
1
2
[ψ¯, (iγµDµ)ψ] , (91)
where the covariant derivative Dµ is
Dµ = ∂µ − ie(Aextµ + Aµ) , Aextµ =
(
0, − B
2
x2,
B
2
x1, 0
)
, (92)
i.e. we use the symmetric gauge (10). Besides the Dirac index (n), the fermion
field carries an additional flavor index a = 1, 2, . . . , Nf . Then the Lagrangian
density (91) is invariant under the chiral SUL(Nf) × SUR(Nf) × UL+R(1) (we
will not discuss the dynamics related to the anomalous, singlet, axial current J5µ
in this paper). Since we consider the weak coupling phase of QED, there is no
spontaneous chiral symmetry breaking at B = 0 [6, 18]. We will show that the
magnetic field changes the situation dramatically: at B 6= 0 the chiral symmetry
SUL(Nf) × SUR(Nf) breaks down to SUV(Nf) ≡ SUL+R(Nf). As a result, the
dynamical mass mdyn is generated, and N
2
f − 1 gapless bosons, composed of
fermions and antifermions, appear.
The homogeneous BS equation for the N2f − 1 NG bound states takes the form
[6]:
χβAB(x, y;P ) = −i
∫
d4x1d
4y1d
4x2d
4y2GAA1(x, x1)KA1B1;A2B2(x1y1, x2y2)
× χβA2B2(x2, y2;P )GB1B(y2, y) , (93)
where the BS wave function χβAB = 〈0|TψA(x)ψ¯B(y)|P ; β〉, β = 1, . . . , N2f−1, and
the fermion propagator GAB(x, y) = 〈0|TψA(x)ψ¯B(y)|0〉; the indices A = (na)
and B = (mb) include both Dirac (n,m) and flavor (a, b) indices.
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As will be shown below, the NG bosons are formed in the infrared region, where
the QED coupling is weak. This seems suggest that the BS kernel in leading order
in α is a reliable approximation. However, because of the (1 + 1)–dimensional
form of the fermion propagator in the infrared region, there may be also relevant
higher order contributions. We shall return to this problem below, but first, we
shall analyze the BS equation with the kernel in leading order in α.
The BS kernel in leading order in α is [6]:
KA1B1;A2B2(x1y1, x2, y2) = −4πiαδa1a2δb2b1γµn1n2γνm2m1Dµν(y2 − x2)
×δ(x1 − x2)δ(y1 − y2) + 4πiαδa1b1δb2a2γµn1m1γνm2n2Dµν(x1 − x2)
×δ(x1 − y1)δ(x2 − y2) , (94)
where the photon propagator
Dµν(x) = −i
(2π)4
∫
d4keikx
(
gµν − λkµkν
k2
)
1
k2
(95)
(λ is a gauge parameter). The first term on the right–hand side of Eq. (94)
corresponds to the ladder approximation. The second (annihilation) term does
not contribute to the BS equation for NG bosons (this follows from the fact that,
due to the Ward identities for axial currents, the BS equation for NG bosons can
be reduced to the Schwinger-Dyson equation for the fermion propagator where
there is no contribution of the annihilation term [6]). For this reason we shall
omit this term in the following. Then the BS equation takes the form:
χβAB(x, y;P ) = −4πα
∫
d4x1d
4y1SAA1(x, x1)δa1a2γ
µ
n1n2χ
β
A2B2(x1, y1;P )
× δb2b1γνm2m1SB1B(y1, y)Dµν(y1 − x1) , (96)
where, since the lowest in α (ladder) approximation is used, the full fermion
propagator GAB(x, y) is replaced by the propagator S of a free fermion (with the
mass m = mdyn) in a magnetic field (see Eqs. (13), (14)).
Using the new variables, the center of mass coordinate R = x+y
2
, and the relative
coordinate r = x− y, Eq. (96) can be rewritten as
χ˜nm(R, r;P ) = −4πα
∫
d4R1d
4r1S˜nn1
(
R−R1 + r − r1
2
)
×γµn1n2χ˜n2m2(R1, r1;P )γνm2m1S˜m1m
(
r − r1
2
− R +R1
)
Dµν(−r1)
× exp[−ie(r + r1)µAextµ (R−R1)]× exp[iP (R− R1)] . (97)
Here S˜ is defined in Eqs. (13) and (14), and the function χ˜nm(R, r;P ) is defined
from the equation
χβAB(x, y;P ) ≡ 〈0|TψA(x)ψ¯B(y)|P, β〉
= λβabe
−iPR exp[ierµAextµ (R)]χ˜nm(R, r;P ) (98)
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where λβ are N2f − 1 flavor matrices (tr(λβλγ) = 2δβγ; β, γ ≡ 1, . . . , N2f − 1).
The important fact is that, like in the case of the BS equation for the π in the
NJL model considered in the previous section, the effect of translation symmetry
breaking by the magnetic field is factorized in the Schwinger phase factor in
Eq. (98), and Eq. (97) admits a translation invariant solution, χ˜nm(R, r;P ) =
χ˜(r;P ). Then, transforming this equation into momentum space, we get
χ˜nm(p;P ) = −4πα
∫ d2q⊥d2R⊥d2k⊥d2k‖
(2π)6
× exp[i(P⊥ − q⊥)R⊥]S˜nn1
(
p‖ +
P‖
2
,p⊥ + eA
ext(R⊥) +
q⊥
2
)
× γµn1n2χ˜n2m2(k, P )γνm2m1S˜m1m
(
p‖ − P‖
2
,p⊥ + eA
ext(R⊥)− q⊥
2
)
× Dµν(k‖ − p‖,k⊥ − p⊥ − 2eAext(R⊥)) (99)
(we recall that p‖ ≡ (p0, p4), p⊥ ≡ (p1, p2)). Henceforth we will consider the
equation with the total momentum Pµ → 0.
The crucial point for further analysis will be the assumption that mdyn <<
√
|eB|
and that the region mostly responsible for generating the mass is the infrared
region with k <∼ mdyn ≪
√
|eB|. As we shall see, this assumption is self-consistent
(see Eq. (6)). The assumption allows us to replace the propagator S˜nm in Eq.
(99) by the pole contribution of the LLL (see Eq. (78)), and Eq. (99) transforms
into the following one:
ρ(p‖,p⊥) =
2αℓ2
(2π)4
e−ℓ
2p2
⊥
∫
d2A⊥d
2k⊥d
2k‖e
−ℓ2A2
⊥(1− iγ1γ2)γµ
× kˆ‖ +mdyn
k2‖ −m2dyn
ρ(k‖,k⊥)
kˆ‖ +mdyn
k2‖ −m2dyn
γν(1− iγ1γ2)Dµν(k‖ − p‖,k⊥ −A⊥) , (100)
where ρ(p‖,p⊥) = (pˆ‖−mdyn)χ˜(p)(pˆ‖−mdyn). Eq. (100) implies that ρ(p‖,p⊥) =
exp(−ℓ2p2⊥)ϕ(p‖), where ϕ(p‖) satisfies the equation
ϕ(p‖) =
πα
(2π)4
∫
d2k‖(1− iγ1γ2)γµ kˆ‖ +mdyn
k2‖ −m2dyn
ϕ(k‖)
× kˆ‖ +mdyn
k2‖ −m2dyn
γν(1− iγ1γ2)D‖µν(k‖ − p‖) . (101)
Here
D‖µν(k‖ − p‖) =
∫
d2k⊥ exp
(
−ℓ
2k2⊥
2
)
Dµν(k‖ − p‖,k⊥) . (102)
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Thus, as in the NJL model in the previous section, the BS equation has been
reduced to a two–dimensional integral equation.
Henceforth we will use Euclidean space with k4 = −ik0. Then, because of the
symmetry SO(2)×SO(2)×P in a magnetic field, we arrive at the matrix structure
(83) for ϕ(p‖):
ϕ(p‖) = γ5(A+ iγ1γ2B + pˆ‖C + iγ1γ2pˆ‖D) (103)
where A,B,C and D are functions of p2‖.
We begin the analysis of Eq. (101) by choosing the Feynman gauge (the general
covariant gauge will be considered below). Then
D‖µν(k‖ − p‖) = iδµνπ
∫ ∞
0
dx exp(−ℓ2x/2)
(k‖ − p‖)2 + x , (104)
and, substituting the expression (103) for ϕ(p‖) into Eq. (101), we find that
B = −A, C = D = 0, i.e.
ϕ(p‖) = Aγ5(1− iγ1γ2) , (105)
and the function A satisfies the equation:
A(p) =
α
2π2
∫
d2kA(k)
k2 +m2dyn
∫ ∞
0
dx exp(−ℓ2x/2)
(k− p)2 + x (106)
(henceforth we will omit the symbol ‖; for the explanation of physical reasons of
the appearance of the projection operator (1− iγ1γ2)/2 in ϕ(p), see footnote 6).
Now introducing the function
Ψ(r) =
∫
d2k
(2π)2
A(k)
k2 +m2dyn
eikr , (107)
we get the two–dimensional Schro¨dinger equation from Eq. (106)
(−∆+m2dyn + V (r))Ψ(r) = 0 , (108)
where the potential V (r) is
V (r) = − α
2π2
∫
d2peipr
∫ ∞
0
dx exp(−x/2)
ℓ2p2 + x
= − α
πℓ2
∫ ∞
0
dxe−x/2K0
(
r
ℓ
√
x
)
=
α
πℓ2
exp
(
r2
2ℓ2
)
Ei
(
− r
2
2ℓ2
)
(109)
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(K0 is the Bessel function). The essential difference of the potential (109) with
respect to the δ-like potential (88) in the NJL model is that it is long range.
Indeed, using the asymptotic relations for Ei(x) [5], we get:
V (r) ≃ −2α
π
1
r2
, r →∞ ,
V (r) ≃ − α
πℓ2
(
γ + ln
2ℓ2
r2
)
, r → 0 , (110)
where γ ≃ 0.577 is the Euler constant. Therefore, the theorem of Ref.[7] (asserting
that, for short-range potentials, −E(α) ≡ m2dyn(α) ∼ exp(−1/aα), with a > 0,
as α → 0) cannot be applied to this case. In order to find m2dyn(α), we shall use
the integral equation (106). This equation is analyzed in Appendix C by using
both analytical and numerical methods. The result is:
mdyn = C
√
|eB| exp
[
−π
2
(
π
2α
)1/2]
, (111)
where the constant C = O(1). Note that this result agrees with the analysis of
Ref. [19] where the analytic properties of E(α) were studied for the Schro¨dinger
equation with potentials having the asymptotics V (r)→ const/r2 as r →∞.
Since
lim
α→0
exp[−1/a√α]
exp[−1/a′α] =∞ , (112)
at a, a′ > 0, we see that the long-range character of the potential leads to the
essential enhancement of the dynamical mass.
Let us now turn to considering the general covariant gauge (95). As is known, the
ladder approximation is not gauge invariant. However, let us show that because
the present effect is due to the infrared dynamics in QED, where the coupling
constant is small, the leading term in ln(m2dynℓ
2), ln(m2dynℓ
2) ≃ −π
√
π/2α, is the
same in all covariant gauges.
Acting in the same way as before, we find that the wave function ϕ(p) now takes
the form
ϕ(p) = γ5(1− iγ1γ2)(A(p2) + pˆC(p2)) (113)
where the functions A(p2) and C(p2) satisfy the equations:
A(p2) =
α
2π2
∫
d2kA(k2)
k2 +m2dyn
∫ ∞
0
dx(1− λxℓ2/4) exp(−xℓ2/2)
(k− p)2 + x , (114)
C(p2) =
αλ
4π2
∫
d2kC(k2)
k2 +m2dyn
[
2k2 − (kp)− k
2(kp)
p2
]
×
∫ ∞
0
dx exp(−xℓ2/2)
[(k− p)2 + x]2 . (115)
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One can see that the dominant contribution on the right-hand side of Eq. (114)
(proportional to [lnm2dynℓ
2]2 and formed at small k2) is independent of the gauge
parameter λ. Thus the leading contribution in ln(m2dynℓ
2), ln(m2dynℓ
2) ≃ −π
√
π/2α,
is indeed gauge–invariant (for more details see Appendix C).
This concludes the derivation of Eqs. (6), (108) and (109) describing spontaneous
chiral symmetry breaking by a magnetic field in ladder QED.
Note the following important point. Because of the exponent exp(−ℓ2x/2) in
integral equations (106), (114) and (115), the present effect is connected with the
infrared dynamics in QED: the natural cutoff in this problem is |eB|. The fact
that the non–pertubative infrared dynamics in this problem decouples from the
ultraviolet dynamics is reflected also in the asymptotic behavior of the functions
A(p2) and C(p2): as follows from Eqs. (106), (114) and (115), these functions
rapidly (A(p2) ∼ 1/p2, C(p2) ∼ λ/p2) decrease as p2 → ∞. Therefore, since
at p2 ≫ |eB| the magnetic field essentially does not affect the behavior of the
running coupling in QED [20], the coupling constant α in equations (106), (114)
and (115) has to be interpreted as the value of the running coupling related to
the scale µ2 ∼ |eB|.
Up to now we have considered the ladder approximation in QED in a magnetic
field. As was already mentioned above, because of the (1+1)–dimensional form of
the fermion propagator in the infrared region, there may be also relevant higher
order contributions. In particular, the dimensional reduction may essentially af-
fect the vacuum polarization, thus changing the behavior of the running coupling
in the infrared region. We will show that this is indeed the case. Actually, in
this problem, because a magnetic field breaks Lorentz and SO(3) rotational sym-
metries, it is more appropriate to speak not about a single running coupling but
about a running coupling tensor, i.e. about the full photon propagator Dµν in
the magnetic field.
Let us consider the photon propagator in a strong magnetic field in the infrared
region (|eB| ≫ m2dyn, |k2‖|, |k2⊥|), with the polarization operator calculated in
one–loop approximation [20, 21]. One can rewrite it in the following form:
Dµν = −i
(
1
k2
g⊥µν +
k‖µk
‖
ν
k2k2‖
+
+
1
k2 + k2‖Π(k
2
‖)
(g‖µν −
k‖µk
‖
ν
k2‖
)− λ
k2
kµkν
k2
)
, (116)
Π(k2‖) = −
α
2π
|eB|
m2dyn
[
4m2dyn
k2‖
− 8m
4
dyn
k2‖
√
(k2‖)
2 − 4m2dynk2‖
×
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× ln
√
(k2‖)
2 − 4m2dynk2‖ − k2‖√
(k2‖)
2 − 4m2dynk2‖ + k2‖
]
, (117)
where the symbols ⊥ and ‖ in gµν are related to the (1, 2) and (0, 3) components,
respectively. The asymptotic behavior of Π(k2‖) is:
Π(k2‖) →
α
3π
|eB|
m2dyn
at |k2‖| ≪ m2dyn, (118)
Π(k2‖) → −
2α
π
|eB|
k2‖
at |k2‖| ≫ m2dyn. (119)
Note the following characteristic points:
a) The expressions (116), (117) correspond to the one–loop contribution with
the fermions from the LLL. Actually, expression (117) is the leading term in the
1/|eB| expansion of the one–loop polarization operator.
b) The polarization effects are absent in the transverse components of Dµν . This
is because the spin of fermions from the LLL is polarized along the magnetic field
(see footnote 6). Indeed, this implies that in the QED–vertex, with two fermions
from the LLL, the photon spin equals zero along the magnetic field, i.e. only the
longitudinal, (0, 3), components, are relevant in this case.
c) There is a strong screening effect in the (g‖µν − k‖µk‖ν/k2‖)–component of the
photon propagator. In particular there is a pole at k2‖ = 0 in Π(k
2
‖) as m
2
dyn → 0:
this is a reminiscence of the Higgs effect in the (1+1)–dimensional massless QED
(Schwinger model) [22].
d) Is the dynamics in QED in a magnetic field similar to that in the Schwinger
model, as |eB| → ∞? The answer to this question is “no”. The crucial point
is that, unlike the NJL model, there is a neutral fundamental field in the QED
Lagrangian: the photon field. As one can see from Eq.(116), the photon propa-
gator does not have a (1 + 1)–dimensional form even as |eB| → ∞: there is the
quantity k2 = k20 − k2⊥ − k23 in the denominator of the photon propagator. This
leads to the interaction which is very different from that in the Schwinger model.
Notice that the interaction at long distances in this problem is much weaker than
that in the (1+1)–dimensional Schwinger model: while here, in Euclidean space,
the potential V (r) is V (r) ∼ −1/r2 as r →∞ (see Eq.(110)), it is V (r) ∼ ln r in
the Schwinger model. Thus the infrared dynamics in QED in a magnetic field is
a complex mixture of (3 + 1) and (1 + 1)–dimensional dynamics.
Let us now consider the BS equation in the so called improved ladder approx-
imation: in this approximation, the free photon propagator is replaced by the
one–loop propagator (116). As was already indicated above, the transverse com-
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ponent of the photon propagator decouple from the fermions at the LLL. The
longitudinal components lead to the following equation (in the Feynman gauge):
A(p2‖) =
α
4π2
∫ d2k‖A(k2‖)
k2‖ +m
2
dyn
∞∫
0
dxe−ℓ
2x/2
[
1
x+ (k‖ − p‖)2 +
+
1
x+ (k‖ − p‖)2 + (k‖ − p‖)2ΠE(k‖ − p‖)
]
, (120)
where ΠE is the polarization operator (117) in Euclidean space (compare with
Eq.(106)). The first term in the square brackets on the right–hand side of Eq.(120)
comes from the (unscreened) k‖µk
‖
ν/k
2
‖–component; the second term comes from
the (screened) (g‖µν − k‖µk‖ν/k2‖)–component. It is not difficult to show that at
p2 = 0 the latter does not contribute to the dominant term (proportional to
[lnm2dynℓ
2]2) on the right–hand side of this equation. Indeed, one finds
A(0) ∼ α
4π2
A(0)
∫ d2k‖
k2‖ +m
2
dyn
∞∫
0
dxe−ℓ
2x/2
[
1
x+ k2‖
+
1
x+ k2‖ + k
2
‖ΠE(k‖)
]
, (121)
and, matching asymptotics (118), (119) at k2‖ = 6m
2
dyn in Euclidean space, we get
the following estimate for the second term:
α
4π2
A(0)
∫ d2k‖
k2‖ +m
2
dyn
∞∫
0
dxe−ℓ
2x/2 1
x+ k2‖ + k
2
‖ΠE(k‖)
∼
∼ α
4π
A(0)
∞∫
0
dxe−ℓ
2x/2
[ 6m2dyn∫
0
dy
(y +m2dyn)[x+ y(1 + α/3πm
2
dynℓ
2)]
+
+
∞∫
6m2
dyn
dy
(y +m2dyn)(x+ y + 2α/πℓ
2)
]
≃
≃ α
4π
A(0) ln
(
2
7m2dynℓ
2
)
ln
π
α
. (122)
Therefore the dominant contribution in this equation is connected with the un-
screened k‖µk
‖
ν/k
2k2‖ component (since k
‖
µ is different from kµ, this term is not a
gauge artifact wich can be removed by a gauge transformation). As a result, we
get the same equation as in the ladder approximation but with α replaced by
α/2. The expression for mdyn is now given by Eq.(111) with α → α/2. It is
gauge invariant. Also, since α is the value of the running coupling at a definite
scale, µ2 ∼ |eB|, this expression is renormalization group invariant.
The present consideration shows that, despite the smallness of α, the expansion
in α is broken in the infrared region in this model. There are two reasons for
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that: the (1+1)–dimensional character of the fermion propagator in the infrared
region and the smallness of the dynamical mass mdyn as compared to |eB|1/2
(ln(|eB|/m2dyn) ∼ 1/
√
α).
It is well known that in massive QED, infrared singularities (on mass shell) in
Green’s functions can be completely factorized if a certain set of diagrams is
summed up [8]. The situation in massless QED is much more complicated: the
set of relevant diagrams becomes essentially larger and, up to now, the problem
of the complete description of the infrared singularities in that model remains
unsolved. The smallness of mdyn in QED in a magnetic field makes this model
closer to massless QED than to massive one. This implies that, despite the
smallness of the coupling constant α, the infrared dynamics in this model is quite
complicated.
It is a challenge to define the class of all those diagrams in QED in a magnetic
field which give a relevant contribution in this problem. Since the QED coupling
constant is weak in the infrared region, this problem, though hard, seems not to
be hopeless.
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10. CONCLUSION
In this paper we showed that a constant magnetic field is a strong catalyst of
spontaneous chiral symmetry breaking in 3+1 and 2+1 dimensions, leading to the
generation of a fermion dynamical mass even at the weakest attractive interaction
between fermions. The essence of this effect is the dimensional reduction D →
D − 2 in the dynamics of fermion pairing in a magnetic field. In particular, the
dynamics of NG modes, connected with spontaneous chiral symmetry breaking by
a magnetic field is described by the two (one)–dimensional Schro¨dinger equation
at D = 3 + 1 (D = 2 + 1):
(−∆+m2dyn + V (r))Ψ(r) = 0 , (123)
where the attractive potential is model dependent and it defines the form of the
dynamical mass as a function of the coupling constant. Since the general theorem
of Ref. [7] assures the existence of at least one bound state for the two- and one–
dimensional Schro¨dinger equations with an attractive potential, the generation of
the dynamical mass mdyn takes place even at the weakest attractive interaction
between fermions at D = 3+1 and D = 2+1. This general effect was illustrated
in the NJL model and QED.
In this paper, we considered the dynamics in the presence of a constant magnetic
field only. It would be interesting to extend this analysis to the case of inhomo-
geneous electromagnetic fields. In connection with this, note that in 2+1 dimen-
sions, the present effect is intimately connected with the fact that the massless
Dirac equation in a constant magnetic field admits an infinite number of normal-
ized solutions with E = 0 (zero modes) [2]. More precisely, the density of the
zero modes
ν˜0 = lim
S→∞
S−1N(E)
∣∣∣∣
E=0
(where S is a two–dimensional volume of the system) is finite. As has been
already pointed out (see the second paper in Ref. [2] and Ref. [23]), spontaneous
flavor (chiral) symmetry breaking in 2+1 dimensions should be catalysed by all
stationary (i.e. independent of time) field configurations with ν˜0 being finite. On
the other hand, as we saw in this paper, the density
ν0 = lim
V→∞
V −1
dN(E)
dE
∣∣∣∣∣
E=0
of the states with E = 0 (from a continuous spectrum) plays the crucial role in
the catalysis of chiral symmetry breaking in 3+1 dimensions. One may expect
that the density ν0 should play an important role also in the case of (stationary)
inhomogeneous configurations in 3+1 dimensions.
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As a first step in studying this problem, it would be important to extend the
Schwinger results [1] to inhomogeneous field configurations. Interesting results in
this direction have been recently obtained in Ref. [24].
In conclusion, let us discuss possible applications of this effect.
Since (2+1)–dimensional relativistic field theories may serve as effective theories
for the description of long wavelength excitations in planar condensed matter
systems [25], this effect may be relevant for such systems. It would be also inter-
esting to take into account this effect in studying the possibility of the generation
of a magnetic field in the vacuum, i.e. spontaneous breakdown of the Lorentz
symmetry, in (2 + 1)–dimensional QED [26].
In 3+1 dimensions, one potential application of the effect can be connected with
the possibility of the existence of very strong magnetic fields (B ∼ 1024G) during
the electroweak phase transition in the early universe [27]. As the results obtained
in this paper suggest, such fields might essentially change the character of the
electroweak phase transition.
Another application of this effect can be connected with the role of chromo-
magnetic backgrounds as models for the QCD vacuum (the Copenhagen vacuum
[28]).
Yet another potentially interesting application is the interpretation of the results
of the GSI heavy-ion scattering experiments in which narrow peaks are seen in
the energy spectra of emitted e+e− pairs [29]. One proposed explanation [30] is
that a strong electromagnetic field, created by the heavy ions, induces a phase
transition in QED to a phase with spontaneous chiral symmetry breaking and the
observed peaks are due to the decay of positronium-like states in the phase. The
catalysis of chiral symmetry breaking by a magnetic field in QED, studied in this
paper, can serve as a toy example of such a phenomenon. In order to get a more
realistic model, it would be interesting to extend this analysis to non-constant
background fields [31].
We believe that the effect of the dimensional reduction by external field configura-
tions may be quite general and relevant for different non-perturbative phenomena.
It deserves further study.
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APPENDIX A
In this Appendix, we derive the kinetic term Lk in the effective action Γ (34) in
the NJL model.
The structure of the kinetic term (63) is:
L = F
µν
1
2
(∂µρj∂νρj) +
F µν2
ρ2
(ρj∂µρj)(ρi∂νρi) , (124)
where ρ = (σ, π) and F µν1 , F
µν
2 depend on the UL(1)×UR(1)-invariant ρ2 = σ2+π2.
The definition Γ =
∫
d4xL and Eq. (124) imply that the functions F µν1 , F µν2 are
determined from the equations:
δ2Γk
δσ(x)δσ(0)
∣∣∣∣∣σ=const
π=0
= −(F µν1 + 2F µν2 )
∣∣∣∣∣σ=const
π=0
·∂µ∂νδ4(x) , (125)
δ2Γk
δπ(x)δπ(0)
∣∣∣∣∣σ=const
π=0
= −F µν1
∣∣∣∣∣σ=const
π=0
·∂µ∂νδ4(x) . (126)
Here Γk is the part of the effective action containing terms with two derivatives.
Eq. (34) implies that Γk = Γ˜k. Therefore we find from Eq. (126) that
F µν1 = −
1
2
∫
d4xxµxν
δ2Γ˜k
δπ(x)δπ(0)
= −1
2
∫
d4xxµxν
δ2Γ˜
δπ(x)δπ(0)
(127)
(henceforth we shall not write explicitly the condition σ=const., π = 0). Taking
into account the definition of the fermion propagator,
iS−1 = iDˆ − σ , (128)
we find from Eq. (36):
δ2Γ˜
δπ(x)δπ(0)
= −i tr(S(x, 0)iγ5S(0, x)iγ5)
= −i tr(S˜(x)iγ5S˜(−x)iγ5)
= −i
∫
d4kd4q
(2π)8
eiqxtr(S˜(k)iγ5S˜(k + q)iγ5) (129)
(the functions S˜(x) and S˜(k) are given in Eqs. (13) and (14) with m = σ).
Therefore
F µν1 = −
i
2
∫ d4k
(2π)4
tr
(
S˜(k)iγ5
∂2S˜(k)
∂kµ∂kν
iγ5
)
. (130)
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In the same way, we find that
F µν2 = −
i
4
∫
d4k
(2π)4
tr
(
S˜(k)
∂2S˜(k)
∂kµ∂kν
− S˜(k)iγ5 ∂
2S˜(k)
∂kµ∂kν
iγ5
)
. (131)
Taking into account the expression for S˜(k) in Eq. (14) (with m = σ), we get:
∂2S˜(k)
∂k0∂k0
= 2iNcℓ
4
∫ ∞
0
dt · teR(t)[(2it(ℓk0)2[k0γ0 − k3γ3 + σ]
+3k0γ0 − k3γ3 + σ)(1 + ηγ1γ2T )− k⊥γ⊥(1 + 2i(ℓk0)2t)
×(1 + T 2)] , (132)
δ2S˜(k)
∂k3∂k3
= −2iNcℓ4
∫ ∞
0
dt · teR(t)[(−2it(ℓk3)2[k0γ0 − k3γ3 + σ]
+k0γ0 − 3k3γ3 + σ)(1 + ηγ1γ2T )− k⊥γ⊥(1− 2i(ℓk3)2t)
×(1 + T 2)] , (133)
∂2S˜(k)
∂kj∂kj
= −2iNcℓ4
∫ ∞
0
dt · TeR(t)[(−2iT (ℓkj)2[k0γ0 − k3γ3 + σ]
+k0γ0 − k3γ3 + σ)(1 + ηγ1γ2T )− k⊥γ⊥(1− 2i(ℓkj)2T )(1 + T 2)
−2kjγj(1 + T 2)] , (134)
where T = tan t, η = sign(eB), R(t) = iℓ2t((k0)2 − (k3)2 − σ2) − iℓ2k2⊥T , and
j = 1, 2 (there is no summation over j).
Eqs. (14), (130), and (131) imply that non-diagonal terms F µν1 and F
µν
2 are equal
to zero. Below, we will consider in detail the calculation of the function F 001 ;
other functions F µµ1 , F
νν
2 can similarly be found.
Substituting expressions (14) and (132) into Eq. (130) for F 001 , we get
F 001 =
Ncℓ
2
4π4
∫
d4k
∫ ∞
0
∫ ∞
0
dτdte(R(t)+R(τ))tA[2i(ℓk0)2t((k0)2 − (k3)2 − σ2)
+ 3(k0)2 − (k3)2 − σ2)−Bk2⊥(1 + 2i(ℓk0)2t)] , (135)
where A = 1− TT , B = (1 + T 2)(1 + T 2), T = tan τ . After integrating over k,
we find:
F 001 =
Nc
4π2
∫ ∞
0
∫ ∞
0
dτdt
(τ + t)2
τte−iℓ
2σ2(t+τ)
×
[
A
T + T
(
2
τ + t
+ iℓ2σ2
)
+
B
(T + T )2
]
. (136)
Changing t and τ to new variables,
t =
s
2
(1 + u) , τ =
s
2
(1− u) , (137)
42
and then introducing the imaginary (dimensionless) proper time, s → −is, we
arrive at the expression:
F 001 =
Nc
24π2
∫ ∞
0
ds
s
e−(ℓ
2σ2s)
[
(2s coth s− 2) +
(
s2
sinh2 s
− 1
)
+ ℓ2σ2s2 coth s
]
+
1
8π2
∫ ∞
1/Λ2
ds
s
e−(ℓ
2σ2s)
=
Nc
8π2
[
ln
Λ2ℓ2
2
− ψ
(
σ2ℓ2
2
+ 1
)
+
1
σ2ℓ2
− γ + 1
3
]
. (138)
Here we used relation (46) and the relations [5]:
∫ ∞
0
e−βx
(
1
x
− coth x
)
dx = ψ
(
1 +
β
2
)
− ln β
2
− 1
β
; Re β > 0 , (139)
∫ ∞
0
xµ−1e−βτ
sinh2 τ
dτ = 21−µΓ(µ)
[
2ζ
(
µ− 1, β
2
)
− βζ
(
µ,
β
2
)]
; µ > 2 (140)
All the other functions F µµ1 , F
µµ
2 can similarly be found.
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APPENDIX B
In this Appendix we analyze the next–to–leading order in 1/Nc expansion in the
(3 + 1)–dimensional NJL model (the analysis of the (2 + 1)–dimensional NJL
model is similar). Our main goal is to show that the propagator of the neutral
NG boson π has a (3+1)–dimensional form in this approximation and that (unlike
the (1 + 1)–dimensional Gross–Neveu model [13]), the 1/Nc expansion is reliable
in this model.
For an excellent review of the 1/Nc expansion see Ref. [32]. For our purposes, it is
sufficient to know that the perturbative expansion is given by Feynman diagrams
with the vertices and the propagators of fermions and composite particles σ and π
calculated in leading order in 1/Nc. In the leading order, the fermion propagator
is given in Eqs. (13) and (14) (with m replaced by mdyn). As follows from Eq.
(32), the bare Yukawa coupling of fermions with σ and π is g
(0)
Y = 1 in this
approximation. The inverse propagators of σ and π are [16]:
D−1ρ (x) = Nc
(
Λ2
4π2g
δ4(x) + i tr[S(x, 0)TρS(0, x)Tρ]
)
, (141)
where ρ = (σ, π) and Tσ = 1, Tπ = iγ
5. Here S(x, 0) is the fermion propagator
(13) with the mass mdyn = σ¯ defined from the gap equation (48). Actually, for
our purposes, we need to know the form of the propagator of π at small momenta
only. We find from Eqs. (63) and (64):
Dπ(k) = −8π
2
Nc
f1(Λℓ, σ¯ℓ)[k
2
0 − k23 − k2⊥f2(Λℓ, σ¯ℓ)]−1, (142)
where
f1 =
[
ln
Λ2ℓ2
2
− ψ
(
σ¯2ℓ2
2
+ 1
)
+
1
σ¯2ℓ2
− γ + 1
3
]−1
, (143)
f2 =
(
ln
Λ2
σ¯2
− γ + 1
3
)
f1 . (144)
The crucial point for us is that, because of the dynamical mass mdyn, the fermion
propagator (despite its (1+1)–dimensional form) is soft in the infrared region and
that the propagator of π has a (3 + 1)–dimensional form in the infrared region
(as follows from Eqs. (63) and (64), the propagator of σ has of course also a
(3 + 1)–dimensional form).
Let us begin the analysis by considering the next–to–leading order corrections in
the effective potential. The diagram which contributes to the effective potential in
this order is shown in Fig. 1a. Because of the structure of the propagators pointed
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out above, there are no infrared divergences in this contribution to the potential.
(Note that this is in contrast to the Gross–Neveu model: the contribution of
this diagram is logarithmically divergent in the infrared region in that model, i.e.
the 1/Nc expansion is unreliable in that case). Therefore the diagram in Fig.1a
leads to a finite, O(1), correction to the potential V (we recall that the leading
contribution in V is of order Nc). As a result, at sufficiently large values of Nc
the gap equation in this model admits a non–trivial solution σ¯ 6= 0 in next–to–
leading order in 1/Nc, i.e. there is spontaneous chiral symmetry breaking in this
approximation.
Let us now consider the next–to–leading order corrections to the propagator of the
NG mode π. First of all, note that in a constant magnetic field, the propagator
of a neutral local field ϕ(x), Dϕ(x, y), is translation invariant, i.e. it depends
on (x − y). This immediately follows from the fact that the operators of space
translations in Eqs. (28) and (29) take the canonical form for neutral fields
(the operator of time translations is i ∂
∂t
both for neutral and charged fields in
a constant magnetic field). The diagram contributing to the propagators of the
NG mode in this order is shown in Fig. 1b. Because of the dynamical mass
mdyn in the fermion propagator, this contribution is analytic at kµ = 0. Since at
large Nc the gap equation has a non-trivial solution in this approximation, there
is no contribution of O(k0) ∼ const. in the inverse propagator of π. Therefore
the first term in the momentum expansion in its inverse propagator has the form
C1(k
2
0−k23)−C2k2⊥, where C1 and C2 are functions of σ¯ℓ and Λℓ and the propagator
takes the following form in this approximation:
Dπ(k) =
k→0
− 8π
2
Nc
f1(Λℓ, σ¯ℓ)
[(
1− 1
N
C˜1(Λℓ, σ¯ℓ)
)
(k20 − k23)
−
(
f2(Λℓ, σ¯ℓ)− 1
N
C˜2(Λℓ, σ¯ℓ)
)
k2⊥
]−1
(145)
(compare with Eq. (142)).
For the same reasons, there are also no infrared divergences in the fermion propa-
gator (see Fig.1c) nor in the Yukawa vertices (see Fig.1d) in this order. Therefore,
at sufficiently large values of Nc, the results retain essentially the same as in lead-
ing order in 1/Nc.
We believe that there should be no essential obstacles to extend this analysis for
all orders in 1/Nc.
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APPENDIX C
In this Appendix we analyze integral equations (106) and (114) for the function
A(p). We will show that these equations lead to the expression (111) for mdyn.
The integral equations were analyzed by using both analytical and numerical
methods 7. The numerical plot of the dynamical mass as a function of α is shown
in Fig.2. Below we consider the analytical analysis of these equations.
We begin by considering equation (106) in the Feynman gauge. After the angular
integration, this equation becomes
A(p2) =
α
2π
∞∫
0
dk2A(k2)
k2 +m2dyn
K(p2, k2) (146)
with the kernel
K(p2, k2) =
∞∫
0
dz exp(−zℓ2/2)√
(k2 + p2 + z)2 − 4k2p2
. (147)
To study Eq.(146) analytically it is convenient to break the momentum inte-
gration into two regions and expand the kernel appropriately for each region
(compare with Ref.[11]):
A(p2) =
α
2π
[ p2∫
0
dk2A(k2)
k2 +m2dyn
∞∫
0
dz exp(−zℓ2/2)
p2 + z
+
∞∫
p2
dk2A(k2)
k2 +m2dyn
∞∫
0
dz exp(−zℓ2/2)
k2 + z
]
. (148)
Introducing dimensionless variables x = p2ℓ2/2, y = k2ℓ2/2, a = m2dynℓ
2/2, we
rewrite Eq.(148) in the form
A(x) =
α
2π
[
g(x)
x∫
0
dyA(y)
y + a2
+
∞∫
x
dyA(y)g(y)
y + a2
]
, (149)
where
g(x) =
∞∫
0
dze−z
z + x
= −exEi(−x), (150)
7We thank Anthony Hams and Manuel Reenders for their help in numerical solving these
equations.
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and Ei(x) is the integral exponential function. The solutions of integral equation
(149) satisfy the second order differential equation
A′′ − g
′′
g′
A′ − α
2π
g′
A
x+ a2
= 0, (151)
where (′) denotes derivative with respect to x. The boundary conditions to this
equation follow from the integral equation (149):
A′
g′
∣∣∣∣
x=0
, (152)
(A− gA
′
g′
)
∣∣∣∣
x=∞
= 0. (153)
For the derivatives of the function g(x) we have relations
g′ = −1
x
+ g(z), g′′ =
1
x2
− 1
x
+ g(x), (154)
and g(x) has asymptotics
g(x) ∼ ln e
−γ
x
, x→ 0,
g(x) ∼ 1
x
− 1
x2
+
2
x3
, x→∞. (155)
Using Eqs.(154),(155) we find that Eq.(151) has two independent solutions which
behave as A(x) ∼ const, A(x) ∼ ln 1/x and A(x) ∼ const, A(x) ∼ 1
x
, near x = 0
and x = ∞, respectively. The infrared boundary condition (BC) (152) leaves
only the solution with regular behaviour, A(x) ∼ const, while the ultraviolet
BC gives an equation to determine a = a(α). To find analytically a(α) we will
solve approximate equations in regions x << 1 and x >> 1 and then match the
solutions at the point x = 1. This provides insight into the critical behaviour of
the solution at α → 0. A numerical study of the full Eq.(146) reveals the same
approach to criticality (see the plot in Fig.2).
In the region x << 1 Eq.(151) is reduced to a hypergeometric type equation:
A′′ +
1
x
A′ +
α
2π
A
x(x+ a2)
= 0. (156)
The regular at x = 0 solution has the form
A1(x) = C1F (iν,−iν, 1;− x
a2
), ν =
√
α
2π
, (157)
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where F is a hypergeometric function [5]. In the region x >> 1 Eq.(151) takes
the form
A′′ +
2
x
A′ +
α
2π
A
x2(x+ a2)
= 0. (158)
The solution satisfying ultraviolet BC (153) is
A2(x) = C2
1
x
F (
1 + iµ
2
,
1− iµ
2
; 2;−a
2
x
), µ =
√
2α
πa2
− 1. (159)
Equating now logarithmic derivatives of A1 and A2 at x = 1 we arrive at the
equation determing the quantity a(α):
d
dx
{
ln
xF (iν,−iν; 1;− x
a2
)
F (1+iµ
2
, 1−iµ
2
; 2;−a2
x
)
}∣∣∣∣
x=1
= 0. (160)
Note that up to now we have not made any assumptions on the value of the
parameter a. Let us seek now for solutions of Eq.(160) with a << 1 (which
corresponds to the assumption of the LLL dominance). Then the hypergeometric
function in denominator of Eq.(160) can be replaced by 1 and we are left with
equation
− 1
a2
ν2F (1 + iν, 1− iν; 2;− 1
a2
) + F (iν,−iν; 1;− 1
a2
) = 0, (161)
where we used the formula for differentiating the hypergeometric function [5]
d
dz
F (a, b, c; z) =
ab
c
F (a+ 1, b+ 1, c+ 1; z). (162)
Now, because of a << 1, we can use the formula of asymptotic behavior of
hypergeometric function at large values of its argument z [5]:
F (a, b, c; z) ∼ Γ(c)Γ(b− a)
Γ(b)Γ(c− a)(−z)
−a +
Γ(c)Γ(a− b)
Γ(a)Γ(c− b)(−z)
−b. (163)
Then Eq.(161) is reduced to the following one:
cos
[
ν ln
1
a2
+ argΣ(ν)
]
= 0,
Σ(ν) =
1 + iν
2
Γ(1 + 2iν)
Γ2(1 + iν)
(164)
and we get
m2dyn = 2|eB| exp
[
−π(2n+ 1)/2− arg Σ(ν)
ν
]
, (165)
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where n is zero or positive integer. The arg Σ(ν) can be rewritten as
argΣ(ν) = arctan ν + arg Γ(1 + 2iν)− 2 arg Γ(1 + iν) (166)
and in the limit ν → 0 Eq.(160) takes the form
m2dyn = 2|eB|e exp
[
− π
2ν
(2n+ 1)
]
= 2|eB|e exp
[
−π
√
π
2α
(2n+ 1)
]
(167)
(the second factor e here is e ≃ 2.718 and not the electric charge!). The stable
vacuum corresponds to the largest value of m2dyn with n = 0.
Let us now turn to equation (114) in an arbitrary covariant gauge. The function
g(x) is now replaced by
g˜(x) =
∞∫
0
dze−z(1− λz/2)
z + x
= g(x) +
1
2
λxg′(x). (168)
As it is easy to verify, this does not change equation (156) in the region x << 1.
At x >> 1 we have
g˜′(x) ∼ −2− λ
2x2
+ 2
1− λ
x3
,
g˜′′(x)
g˜′(x)
= −2
x
2− λ− 61−λ
x
2− λ− 41−λ
x
. (169)
Therefore in any gauge, except λ = 2, the differentional equation at x >> 1 takes
the form
A′′ +
2
x
A′ +
α(2− λ)
4π
A
x2(x+ a2)
= 0 (170)
with asymptotic solution A(x) ∼ 1
x
. In the gauge λ = 2, instead of Eq.(170), we
have
A′′ +
3
x
A′ +
α
π
A
x3(x+ a2)
= 0, (171)
which gives more rapidly decreasing behavior A(x) ∼ 1
x2
when x→∞. Repeating
the previous analysis, we are led to expression (111) for mdyn.
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FIGURE CAPTIONS
1. Fig. 1. Diagrams in next-to-leading order in 1/Nc. A solid line denotes the
fermion propagator and a dashed line denotes the propagators of σ and π
in leading order in 1/Nc.
2. Fig. 2. A numerical fit of the dynamical mass as a function of the coupling
constant α: mdyn/
√
2eB = exp[−π
2
√
π
2α
a + b]. The fitting parameters are:
a = 1.000059, b = −0.283847.
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Figure 1: Diagrams in next-to-leading order in 1/Nc. A solid line denotes the
fermion propagator and a dashed line denotes the propagators of σ and π in
leading order in 1/Nc.
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Figure 2: A numerical fit of the dynamical mass as a function of the coupling
constant α: mdyn/
√
2eB = exp[−π
2
√
π
2α
a+ b]. The fitting parameters are:
a = 1.000059, b = −0.283847.
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